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这是一个浩大舰队远征灿烂宇宙，无比波澜壮阔的时代，

我们每一个人都是这个时代的战士，我们都怀揣着一个名为数学、数学竞赛的梦，无数英勇

的战士前仆后继，坚强的生存与光荣的牺牲交相晖映，

这是一场或许我们用一生都追逐不到尽头的梦，

但是我们无所畏惧，我们引吭高歌，我们竭尽全力，

我们所走过的梦，是用一个个音符所点缀出来的战歌，我们每一个都是唱着歌的追梦人啊！

这个梦带给我们追逐的力量，带给我们迎难而上的拼劲，还有一个绚丽夺目的数学世界，前

方的路虽然很黑，但是请看看在你周围这些带着光芒的人，他们和你一样，和我一样，都是

在这条路上行走的伙伴，

他们和你一样，和我一样，都是这个时代爱数学、爱数学竞赛的傻子们，

嘿，傻子，这个时代欢迎你的到来，

嘿，傻子，加入这个“傻子俱乐部”吧，接下来，让我们一起走吧

—来自傻子俱乐部，最爱你们的小数君
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2019 年北京大学数学金秋营试题解析

题 1.≲ᴰ大Ⲵ↓ᇎ数 αˈሩҾ┑䏣 a+ b+ c | a2 + b2 + c2 ⲴнޘㅹⲴ↓ᮤ数 a, b, cˈ䜭ᴹᯩ〻

(x+ b)2 = (x+ c)(x+ a)

൘४䰤 (0, α) .ᴹ解⋐

解˖ᡰ≲ α Ⲵᴰ大٬ᱟ
1

2
.

ᯩ〻 (x+ b)2 = (x+ c)(x+a)Ⲵ解ᱟ x =
b2 − ca

c+ a− 2b
ˈ⭡ a+ b+ c | a2+ b2+ c2 ⸕ a+ b+ c | 2(ab+ bc+ ca).

⌘ࡠ ab+ bc+ ca = ca+ b(c+ a) ≡ ca− b2 (mod (a+ b+ c))ˈᡰԕ a+ b+ c | 2(b2 − ca).

㤕 b2 < caˈࡉ b2 < ca <

(
c+ a

2

)2

ˈҾᱟ x =
b2 − ca

c+ a− 2b
< 0ˈ⸋.

ᡰԕ b2 > caˈ䘋㘼 c+ a > 2bˈᡰԕ 2(b2 − ca) ≥ a+ b+ cˈᡰԕ

x =
b2 − ca

c+ a− 2b
≥ 1

2
· a+ b+ c

c+ a− 2b
>

1

2
.

ᡁԜਆ a = 1, c =
2b2 − b− 1

3
ˈަѝ b ≡ 1 (mod 3)ˈ↔ᰦ

lim
b→+∞

b2 − ca

c+ a− 2b
=

1

2
,

ṩᦞᶱ䲀؍ਧᙗ⸕˖
1

2
ᱟᴰྭⲴᑨ数. ˄解题Ӫ˖ᆷษ˅

题 2.ശઘкᴹ 2019 ਚ㲲㲱ˈࡍս㖞н਼ˈаᔰ⇿ਚ㲲㲱䘹ањᯩੁ˄亪ᰦ䪸ˈ䘶ᰦ䪸˅ԕ

਼Ⲵ䙏ᓖᔰ䘀ࣘˈ㤕єਚ㲲㲱ᫎˈࡉᆳԜ・৽ੁԕ਼Ⲵ䙏ᓖ䘀ࣘ. 䇱᰾˖⇿ਚ㲲㲱䜭㓿䗷ശкⲴ⇿а

⛩.

䇱⌅а˖䇮亪ᰦ䪸Ⲵ䙏ᓖѪ +1ˈ䘶ᰦ䪸Ⲵ䙏ᓖѪ −1ˈ䇮ᡰᴹ㲲㲱䘀ࣘⲴ䐍˄亪ᰦ䪸Ѫ↓ˈ䘶ᰦ䪸Ѫ

䍏˅ѻ઼Ѫ lˈ⭡Ҿ 2 - 2019ˈᡰԕ䙏ᓖѻ઼㓸ᚂᇊфнѪ 0ˈl оᰦ䰤ᡀ↓∄. 䛓Ѹᰦ䰤䏣ཏ࠶ݵѻਾˈᗵᴹ

аਚ㲲㲱Ⲵ䘀ࣘⲴ䐍大Ҿ 2 .ઘ䮯ؽ

⌘ࡠԫєਚ㲲㲱䘀ࣘⲴ䐍ᐞн䎵䗷ઘ䮯ˈᡰԕਚ㾱ᴹаਚ㲲㲱䐁ᆼ 2 സˈ䛓ѸަԆ㲲㲱ᗵ❦䐁Ҷа

സ. ᡰԕᖃᰦ䰤䏣ཏ࠶ݵਾˈ⇿ਚ㲲㲱䘀ࣘⲴ䐍䜭大Ҿઘ䮯. ˄解题Ӫ˖㖇 ⛌˅

䇱⌅Ҽ˖䇮亪ᰦ䪸Ⲵ䙏ᓖѪ +1ˈ䘶ᰦ䪸Ⲵ䙏ᓖѪ −1ˈᡁԜᢺᡰᴹ㲲㲱Ⲵ䙏ᓖѻ઼ᇊѹѪਸ䙏ᓖ.

⭡题ˈєਚ㲲㲱ᫎਾ・䙏৽ੁˈᡰԕਸ䙏ᓖⲴ大ሿо↓䍏˄ᯩੁ˅㓸нਈ.

ࡠ⌘ 2019 ᱟཷ数ˈᡰԕਸ䙏ᓖнѪ 0.

ᡁԜ⌘ࡠ 2019 ਚ㲲㲱Ⲵᧂᒿ㓸нਈ˄єਚᫎቡ৽ੁˈᡰԕሩ亪ᒿнՊ᭩ਈ˅̍ Ҿᱟਸ䙏ᓖ㓸ᵍ

⵰ањᯩੁˈҾᱟᡰᴹ㲲㲱Ⲵս〫ѻ઼䎻ੁᰐェ大ˈ䘉䟼ս〫⨶解Ѫ⸒䟿ˈ亪ᰦ䪸Ѫ↓ˈ䘶ᰦ䪸Ѫ䍏ˈᡰԕᗵ

ᴹаਚ㲲㲱Ⲵս〫䎻ੁᰐェ大ˈ䛓Ѹ䘉ਚ㲲㲱аᇊਟԕ䐁ᆼᮤњശઘ.

㔃ਸᡰᴹ㲲㲱Ⲵս㖞ᧂᒿнਁ⭏᭩ਈˈᡰԕ䘉ਚ䐁ᆼശઘⲴ㲲㲱нՊ䎵䎺ᆳࡽ䶒Ⲵ䛓ਚ㲲㲱˄亪⵰䘀ࣘᯩ

ੁⲴㅜаਚ㲲㲱˅̍ ᡰԕࡽ䶒Ⲵ㲲㲱ҏ㜭䐁ᆼаസˈ৽༽л৫ˈᡰᴹ㲲㲱䜭㜭䐁ᆼаസ. ˄解题Ӫ˖ᆷษ˅
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题 3.䇮 f ᱟᒣ䶒кⲴৼሴˈ䇱᰾˖f ᱟ؍ᗳ᱐ሴˈᖃфӵᖃ f ཆᗳˈᒦфнՊᢺ䫍䀂й䀂ᖒ᱐ሴᡀ؍

䭀䀂й䀂ᖒ. ᒦ≲ᡰᴹⲴ؍ᗳ᱐ሴ.

䇱᰾˖Ӿањ؍ᗳ᱐ሴ f ᔰ.

1. f ሶнޡ㓯й⛩᱐ሴѪнޡ㓯й⛩. 䘉Ӿᇊѹ㔉ࠪˈ⌘н㜭ⴤ᧕䈤 f ሶޡ㓯Ⲵ⛩᱐ሴѪޡ㓯Ⲵ⛩. 䘉њ

ᙗ䍘ㅹԧ䈤⌅ᱟˈྲ᷌й⛩Ⲵޡۿ㓯ˈࡉ䘉й⛩ޡ㓯.

2. 㤕Ḁнޡ㓯й⛩ A,B,C Ⲵۿᱟㅹ㞠й䀂ᖒ f(A)f(B) = f(A)f(C)ˈࡉ AB = AC. 䇱᰾ྲл˖䇮 ABC

ⲴᗳѪ IˈIBC ⲴᗳѪ Jˈࡉ f(A)f(B) = f(A)f(C) 䈤᰾ f(A), f(I), f(J) 㓯ˈ䈤᰾ޡ A, I, J ޡ

㓯ˈ䈤᰾ AB = AC.

3. 㤕 A,B,C ᶴᡀㅹ䗩й䀂ᖒˈࡉ f(A), f(B), f(C) ᶴᡀㅹ䗩й䀂ᖒ. ࡉˈਆ f(O) Ѫ f(A), f(B), f(C)

ཆᗳˈᗇࡠйњㅹ㞠й䀂ᖒ f(OAB), f(OBC), f(OAC). ഐѪ O н㜭઼ A,B,C ԫօањ਼˄⭘ৼ

ሴ˅̍ ᡰԕ OAB,OBC,OCA ѝ㠣ቁє㓴ᱟᶴᡀй䀂ᖒⲴ˄нޡ㓯˅̍ ṩᦞㅜ 2 ᶑˈ䘉ᱟㅹ㞠й䀂ᖒ. ഐ

↔ O ᱟ ABC ཆᗳ.O ҏᱟᗳˈഐ↔ f(O) ҏ਼ᰦᱟ f(ABC) ཆᗳ઼ᗳˈഐ↔ f(A), f(B), f(C) ᶴᡀ

ㅹ䗩й䀂ᖒ.

4. 㤕 A,B,C ࡉˈ㓯ޡ f(A), f(B), f(C) .㓯ޡ ࡉ൘ f(A), f(B) ⴤ㓯к f(D), f(E) о f(C) ᶴᡀㅹ䗩

й䀂ᖒˈṩᦞㅜ 1 ᶑˈD,E ൘ⴤ㓯 A,B к.C ҏ൘ⴤ㓯 AB к. ⴤ㓯 AB ཆ䘈ᴹєњ⛩ F,G о D,E ᶴ

ᡀㅹ䗩й䀂ᖒˈࡉ f(F ), f(G) ѻа㩭൘ f(C)ˈоৼሴ⸋.

5. 㤕нޡ㓯й⛩ A,B,C ┑䏣 AB = ACˈࡉ f(A)f(B) = f(A)f(C). 䇮 I ᱟ ABC ᗳˈJ ᱟ IBC ˈᗳ

ࡉ AIJ 䶒䈤⌅ˈf(ABC)ࡽ⭡ˈ㓯ޡۿ↔㓯ˈഐޡ ᱟㅹ㞠й䀂ᖒ.

6. 㨡ᖒ᱐ሴѪ㨡ᖒˈሶޡ㓯ㅹ䐍࠶ᐳй⛩ᢙݵᡀ㨡ᖒ઼ѝᗳˈ࡙⭘ޡ㓯ᙗ઼䐍ㅹᙗਟ⸕ޡ㓯ㅹ䐍й⛩

᱐ሴѪޡ㓯ㅹ䐍й⛩.

7. ⴤⴤ㓯к䘹ਆӔ⛩઼ਖཆഋ⛩ᶴᡀ㨡ᖒˈۿࡉҏᱟ㨡ᖒ৺ѝᗳˈഐ↔ f ሶⴤⲴⴤ㓯᱐ሴѪⴤⲴⴤ

㓯.

8. 䇮 A,B,C ᱟޡ㓯й⛩ˈB ൘ A,C ѻ䰤ˈ䗷 B Ⲵⴤⴤ㓯кᴹ⛩ DˈCD = CAˈҏᴹ⛩ EˈAE = AC.

ṩᦞ D,E ᆈ൘ᙗਟ⸕ˈޡ㓯Ⲵ f(A), f(B), f(C) ᗵ❦┑䏣 f(B) ൘ f(A), f(C) ѻ䰤. 䘉аᶑ䈤᰾Ҷⴤ㓯

кⲴ؍ᒿᙗ.

9. ⴤ㓯ࡠᆳⲴۿᱟ㓯ᙗ᱐ሴ. ṩᦞ؍ㅹ䐍ᙗˈ⸕䚃ሶᮤ数⛩᱐ሴѪㅹ䐍ᒿࡇ˗䘋а↕൘ⴤ㓯кࡠ⛩˄䘹ᇊ

Ⲵа⛩˅䐍Ѫᴹ⨶数ؽঅսⲴ⛩к᱐ሴᱟ㓯ᙗⲴ˗ṩᦞ؍ᒿᙗˈⴤ㓯кᡰᴹ⛩ᱟ㓯ᙗⲴ.

10. 䘹єᶑⴤⴤ㓯ˈ᱐ሴࡠᆳⲴ࡛࠶ۿᱟ㓯ᙗⲴ. .⛩㓯ˈӔ⛩䇮Ѫ⛩ˈҏ᱐ሴѪӔޡ⭘࡙ ṩᦞ؍ᤱㅹ䐍

ᙗˈєњⴤ㓯кⲴ㓯ᙗഐᆀ਼. ṩᦞ؍䇱ⴤᙗˈᒣ䶒кަԆ⇿њ⛩ਟԕ઼ᐢ⸕єᶑⴤ㓯кⲴ⛩৺⛩

ᖒᡀ⸙ᖒˈ䘉ṧ⭘؍ⴤᙗୟа⺞ᇊᆳⲴۿ. ᴰ㓸ᡰᴹ؍ᗳ᱐ሴѪࡊփਈᦒ༽ਸսլਈᦒ.

⧠൘䇮 f ᱟањ؍ཆᗳ᱐ሴˈнሶ䫍䀂й䀂ᖒ᱐ሴѪ䭀䀂й䀂ᖒ.

1. f ሶޡ㓯⛩᱐ሴѪޡ㓯⛩. 䇮 A,B,C 㓯ˈਆޡ D,Eˈ֯ DE ⴤᒣ࠶㓯䗷 A,B,C. ࡉ A,B,C 䜭ਟ

ԕᡀѪ D,E,X ⲴཆᗳˈX ᱟḀ⛩. ഐ↔ f(A), f(B), f(C) ҏ࡛࠶ᱟ f(D), f(E), f(X) Ⲵཆᗳˈഐ↔

f(D), f(E) Ⲵⴤᒣ࠶㓯䗷 f(A), f(B), f(C)ˈᗇ䇱.

2. f ሶㅹ㞠й䀂ᖒ᱐ሴѪㅹ㞠й䀂ᖒ.AB = AC ࡉ AਟԕᡀѪḀ BCD ཆᗳˈҾᱟ f(A)ᱟ f(B)f(C)f(D)

ཆᗳˈf(A)f(B) = f(A)f(C).

3. ਾ䶒Ⲵ䜘࠶ਟԕ䎵؍ᗳ᱐ሴⲴ䇪䘠ˈਟԕн⭘ࡠሶ䫍䀂й䀂ᖒ᱐ሴѪ䭀䀂й䀂ᖒ䘉њᶑԦ. 䘉њᶑԦ䇱

᰾ⴤ㓯к؍ᒿᙗᰦׯᯩىаӋ.
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4. єњ؍ᗳ᱐ሴᴰ㓸䜭ᱟࡊփਈᦒ༽ਸսլˈ䘉㊫ਈᦒᱮ❦ҏᱟ؍䘉єњᗳⲴˈഐ↔ㅹԧ.

˄解题Ӫ˖㖇 ⛌˅

题 4.㔉ᇊ l њᇎ数 θ1, θ2, · · · , θlˈ䇱᰾˖ᆈ൘↓ᮤ数 k ઼↓ᇎ数 a1, a2, · · · , akˈ

k∑
i=1

ai = 1,

ሩԫⲴ↓ᮤ数 n ≤ k ઼ԫ↓ᮤ数 m ≤ lˈ䜭ᴹ∣∣∣∣∣∣
n∑

j=1

aj sin(jθm)

∣∣∣∣∣∣ ≤ 1

2018n
.

䇱᰾˖㾱ݸ䇱᰾ྲлᕅ⨶ԕ৺ ai Ⲵ大㠤ਆ⌅.

ᕅ⨶˖ሩҾԫ俆аⲴᇎ㌫数ཊ亩ᔿ P (x), 㤕 P ⋑ᴹ䶎䍏ᇎ数ṩ, ᆈ൘↓ᮤ数ࡉ α, ֯ᗇ (x+ 1)αP (x) Ⲵ

亩㌫数ⲶѪ↓数.

ᕅ⨶Ⲵ䇱᰾˖ᱮ❦㔃䇪ሩ degP = 1 ᡀ・.

㤕ᡁԜᐢ㓿䇱᰾Ҷ㔃䇪ሩ degP = 2 ҏᡀ・, ᖃࡉ degP > 2 ᰦ, 㤕㔃䇪ሩሿҾ degP ᡀ・, ṩᦞԓ数สᵜ

ᇊ⨶, ᙫਟԕ䇮 P (x) = (x2 + ax+ b)Q(x), ަѝ x2 + ax+ b,Q(x) 䜭⋑ᴹ䶎䍏ᇎṩ.

⭡ᖂ㓣ٷ䇮, ᆈ൘↓ᮤ数 β, γ ֯ᗇ (x + 1)β(x2 + ax + b) ㌫数ޘ↓, (x + 1)γQ(x) Ⲵ㌫数ޘ↓, ᡰԕ

(x + 1)β+γP (x) Ⲵ亩㌫数ޘ↓. ᡰԕᡁԜਚ䴰㾱༴⨶ degP = 2 Ⲵᛵߥ, ↔ᰦਟԕ䇮 P (x) = (x − a)2 + b,

b+ a2 > 0, 䇮 (x+ 1)k(x− a)2 + b ѝ xn ㌫数Ѫ An.

᱃㿱 Ak+2, A0 > 0, Ak+1 = k − 2a, A1 = (a2 + b)k − 2a, ᖃ k ,大ᰦ࠶ݵ A1, A0 > 0. ᖃ 1 < n ≤ k ᰦ,

An = (a2 + b)Cn
k − 2aCn−1

k + Cn−2
k = Cn−1

k [
k − n+ 1

n
(a2 + b)− 2a+

n− 1

k − n+ 1
],

ᡁԜᐼᵋ

a2 − 2
n

k − n+ 1
a+ b+

n(n− 1)

(k − n+ 1)(k − n+ 2)
= (a− n

k − n+ 1
)2 + b− n(k + 1)

(k − n+ 1)2(k − n+ 2)
> 0 · · · · · · (1)

㤕 2a <
n− 1

k − n+ 1
,⭡ (1)ᔿᐖ䗩⸕㔃䇪ᡀ・˗㤕 2a ≥ n− 1

k − n+ 1
ࡉ, n ≤

k + 2 + 1
2a

1 + 1
2a

∼ 2a

2a+ 1
k, k → +∞.

↔ᰦ
n(k + 1)

(k − n+ 1)2(k − n+ 2)
< O

(
1

k

)
→ 0, k → +∞.

ᡰԕਟԕ䘹ᤙ࠶ݵ大Ⲵ k ┑䏣㾱≲.

എࡠ题.

䇮

P (z) =

l∏
j=1

(z − eiθj )(z − e−iθj ),

ṩᦞᕅ⨶, ᆈ൘↓ᮤ数 α(ਚ䎆Ҿ θ1, θ2, · · · , θl), f(z) = (z + 1)αP (z) Ⲵ亩㌫数ⲶѪ↓数, 䘉Ӌ㌫数Ӿ儈↔

亩ࡠվ⅑亩⅑ᱟ bt, bt−1, · · · , b1(> 0).
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ᡁԜ⌘ࡠ: ⇿а⇥≲઼
t∑

j=1

bj(e
iθm)j = f(eiθm) = 0,

ᡰԕ

0 =

t∑
j=1

bjIm
(
(eiθm)j

)
=

t∑
j=1

bj sin(jθm).

䇮 b1 + b2 + · · ·+ bt = f(1) = A ᱟਚ䎆Ҿ θ1, θ2, · · · , θl Ⲵᑨ数, ҾᱟᡁԜ㘳㲁ਆ k = ts, s ᱟᖵᇊⲴ↓ᮤ

数, ਆ a′i+at =
bi

2018A(a+ 1)t
, ᡁԜਚ㾱༴⨶⇿а⇥ѝⲴᛵߥ.

⭡Ҿ䈳઼㓗数
+∞∑
n=1

1
n = +∞ ᱟਁᮓⲴ, ᡁԜਟԕਆ s ,大࠶ݵ ֯ᗇ

k∑
i=1

a′i =

s−1∑
a=0

t∑
i=1

bi
2018A(a+ 1)t

=

t∑
i=1

bi
2018At

s−1∑
a=0

1

a+ 1
≥ 1.

ᡁԜਆ ai =
a′i∑k
i=1 a

′
i

, Ҿᱟ
∑k

i=1 ai = 1. 㤕 at < n ≤ (a+ 1)t, t ∈ {0, 1, · · · , s− 1}, ࡉ

∣∣∣∣∣∣
n∑

j=1

aj sin(jθm)

∣∣∣∣∣∣ =
∣∣∣∣∣∣(

k∑
i=1

a′i)
a−1∑
b=0

t∑
j=1

1

2018A(b+ 1)t
bj sin(jθm) +

n∑
j=at+1

aj sin(jθm)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
n∑

j=at+1

aj sin(jθm)

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣

n∑
j=at+1

a′j sin(jθm)

∣∣∣∣∣∣
=

1

2018At(a+ 1)
|bn−at sin(nθm) + · · ·+ b1 sin((at+ 1)θm)|

≤ 1

2018At(a+ 1)
|b1 + b2 + · · ·+ bt|

=
1

2018t(a+ 1)

≤ 1

2018n
.

䘉ቡ䇱᰾Ҷ㔃䇪. ˄解题Ӫ˖㖇 ⛌ ᆷษ˅

⌘˖ᵜ题൘䇘䇪ᰦˈаսࡽ IMO 金⡼ᗇѫ㔉ࠪĀ䇱᰾ᕅ⨶৺ ai 大㠤ਆ⌅āⲴᨀ⽪ˈᝏ䉒ѪഭҹݹⲴഭ.

题 5.䇮 n ᱟ↓ᮤ数ˈ䶎䍏ᮤ数ᒿࡇ b1 = 0, b2, . . . , bn ┑䏣˖ሩԫօ 1 ≤ u, v ≤ nˈᴹ

1

u
(b1 + b2 + · · ·+ bu) <

1

v
(b1 + b2 + · · ·+ bv + 1) .

≲ᡰᴹ䘉ṧⲴᒿࡇ (b1, b2, . . . , bn) Ⲵњ数.

解˖䇠 Su = b1 + b2 + · · ·+ bu, ࡉ S1 = 0ˈ{Si} ᱟ䶎ᮤ߿数ᒿࡇˈᯩ〻Ѫ
Su

u
<

Sv + 1

v
.

ਆ v = 1, ᗇ Su < u.

䇮
Sv + 1

v
Ⲵᴰሿ٬൘ v = w 䗮ࡠ, ᒦфྲ᷌ᴹཊњㅖਸᶑԦⲴ, ਆᴰሿⲴ w. 〻ㅹԧҾᯩࡉ

Su

u
<

Sw + 1

w
≤ Su + 1

u
,
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ഐ↔ Su ᱟнሿҾ u
Sw + 1

w
Ⲵᴰሿᮤ数, ণкਆᮤ, ⭡

Sw + 1

w
઼ u ୟа⺞ᇊ.

ྲ᷌ᴰ大ޜ㓖数 (Sw + 1, w) = d > 1, ࡉ Sw/d = (Sw + 1)/d− 1, о w ᴰሿᙗ⸋.

ഐ↔ᡰ≲数ࡇ⭡ањ࠶⇽н䎵䗷 n Ⲵᰒ㓖࠶数⺞ᇊ.

৽ѻˈ㔉ᇊᰒ㓖࠶数 0 < a/b < 1, ⇽࠶ b ≤ n, ྲкᇊѹ Su, 1 ≤ u ≤ n Ѫ ua/b Ⲵкਆᮤ߿а, ᱮ❦ Si 䶎

,߿ S1 = 0, ㅖਸ题ⴞᶑԦ. н䎵䗷⇽࠶ n Ⲵ㾱≲؍䇱к䶒≲кਆᮤᰦᴹḀњ Su + 1 ᚠྭᱟሩᓄⲴкਆᮤ, 䘉ṧ

нՊᴹєњ࠶数
a

b
,
c

d
ᗇ਼ࡠањᒿࡇⲴᛵᖒ.

ഐ↔ᡰ≲ᒿࡇњ数Ѫ
n∑

i=1

φ(i)ˈަѝ φ(i) ᱟ⅗࠭数. ˄解题Ӫ˖㖇 ⛌˅

题 6. p ᱟањ㍐数ˈ≲ᡰᴹ↓ᮤ数ሩ (p, n)ˈ֯ᗇᡁԜਟԕሶ 1, 2, · · · , n2 ᡀ࠶ n 㓴ˈ⇿㓴䜭ᴹ n њ数ˈ

ф⇿а㓴数Ⲵ઼䜭ᱟ p Ⲵ䶎䍏ᮤ数ᑲ.

解˖ᡰ≲ (p, n) = (p, 1), (5, 2).

ᱮ❦ (p, 1) ᙫᱟㅖਸ㾱≲Ⲵ. n = 2 ᰦ, ᱃㿱 p = 5. ᖃ n > 2 ᰦ, 䇮

1

2
n2(n2 + 1) = pα1 + pα2 + · · ·+ pαn , α1 ≤ α2 ≤ · · · ≤ αn.

ᱮ❦ᴹ pα1 ≥ 1 + 2 + · · ·+ n =
n(n+ 1)

2
.

ᖃ㍐数 p > 2 ᰦ, ⭡Ҿ gcd(n2, n2 + 1) = 1, ࡉ pα1 | n2 ᡆ pα1 | n2 + 1.

㤕 pα1 | n2, ⭡Ҿ
n2

pα1
≤ 2n2

n(n+ 1)
< 2, ᡰԕ n2 = pα1 , Ҿᱟ

1

2
pα1(pα1 − 1) = pα2 + · · ·+ pαn ,

ᡰԕ pα2 | pα1 . ⭡Ҿ pα1 + pα2 ≥ 1 + 2 + · · ·+ 2n = n(2n+ 1), ᡰԕ pα2 ≥ n2 + n > pα1 , ⸋.

㤕 pα1 | n2 + 1,
n2 + 1

pα1
≤ 2n2 + 2

n(n+ 1)
< 2, ᡰԕ n2 + 1 = pα1 , ࡉ

pα1 + pα2 ≥ 1 + 2 + · · ·+ 2n = n(2n+ 1),

ࡉ

pα2 ≥ n2 + n− 1,

⭡Ҿ
1

2
n2(n2 + 1)− pα1 =

1

2
(n2 − 2)(n2 + 1) = pα2 + · · ·+ pαn ,

ᡰԕ pα2 | n2(n2 + 1), նᱟ pα2 ≥ n2 + n− 1 > max{n2 − 2, n2 + 1}, ⸋.

ᖃ p = 2 ᰦ,

n2(n2 + 1) = 2(2α1 + 2α2 + · · ·+ 2αn),

21+α1 = 2 · 2α1 ≥ 2(1 + 2 + · · ·+ n) = n(n+ 1).

⭡Ҿ gcd(n2, n2 + 1) = 1, ᡰԕ 21+α1 | n2 ᡆ 21+α1 | n2 + 1, ն 21+α1 ≥ n(n+ 1) > max{n2, n2 + 1}, ⸋.

㔬к, ᡰ≲ (p, n) = (p, 1), (5, 2). ˄解题Ӫ˖ᆷษ˅
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题 7.䇮࠭数 f : R≥0 → R≥0ˈf অ䈳н. 㔉ᇊᑨ数 C > 0, α > 0, β > 1ˈሩԫⲴ x > y ≥ 0ˈ䜭ᴹ

f(x) ≤ C

(x− y)α
f(y)β .

䇱᰾˖0 Ҿ f Ⲵ٬ฏ.

䇱᰾˖പᇊ y0, ራᑨ数 d, yn = y0 + d− d

2n
, Ҿᱟ

f(yn+1) ≤
C2(n+1)α

dα
f(yn)

β .

ᡁԜᐼᵋ f(yn) ≤
f(y0)

2xn
(n ≥ 0), ަѝ x ᖵᇊ.

㔃䇪ሩ n = 0 ᱮ❦ᡀ・. 㤕ᡁԜ䇱᰾Ҷ㔃䇪ሩ n(≥ 0) ᡀ・, ࡉ

f(yn+1) ≤
Cf(y0)

β−1

dα
f(y0)

2xnβ−(n+1)α
.

ѪҶ֯ᖂ㓣⌅ᡀ・, ᡁԜᐼᵋ 2xnβ−(n+1)α > 2x(n+1), Ჲਆ x =
α

β − 1
, ↔ᰦ,

f(yn+1) ≤
2

αβ
β−1Cf(y0)

β−1

dα
f(y0)

2x(n+1)
.

⧠൘ᡁԜਚ㾱䇙 d ┑䏣
2

αβ
β−1Cf(y0)

β−1

dα
≤ 1 ণਟ.

ҾᱟᡁԜਟԕ䘹ᤙᑨ数 d ৺ᆈ൘ x =
α

β − 1
, ֯ᗇ f(yn) ≤

f(y0)

2xn
ᡀ・.

⭡Ҿ f অ䈳н, ᡰԕ

0 ≤ f(y0 + d) ≤ f(yn) ≤
f(y0)

2xn
,

令 n → +∞, ⭡Ҿ y0 + d н䎆Ҿ n, є䗩ᶱ䲀ᱟ 0, ᡰԕ f(y0 + d) = 0.

䇱∅. ˄解题Ӫ˖㖇 ⛌˅

⌘˖䘉ᱟа䚃数学࠶析Ⲵ题ⴞ, 䇱⌅ᮤ⨶㠚ᴻ৻⠶ⲴҖ.˄De Giorgi 䘝ԓ, 㿱ǉҼ䱦Ὕശරᯩ〻оὝശරᯩ

〻㓴Ǌㅜ 7 亥ᕅ⨶ 4.1˅

题 8.䇱᰾˖x4 − 20200y2 = 1 ൘ Z2
+ кᰐ解.

䇱᰾˖俆ݸ䇱᰾ࠐњᕅ⨶:

ᕅ⨶ 1˖ᯩ〻 x4 − 2y2 = 1 ᰐ↓ᮤ数解.

ᕅ⨶ 1 Ⲵ䇱᰾˖㤕 x4 − 2y2 = 1, ࡉ (x2 − 1)(x2 + 1) = 2y2, 㘼 (x2 − 1, x2 + 1) = 2, ᡰԕ x2 − 1 о x2 + 1

ѻѝᴹањᱟᆼޘᒣᯩ数, ⸋ (㘳ሏᒣᯩ数Ⲵ䰤䐍).

ᕅ⨶ 2˖ ᯩ〻㓴

a2 − b2 = c2 + d2

ab = cd
ᰐ↓ᮤ数解.

ᕅ⨶ 2 Ⲵ䇱᰾˖㤕↓ᮤ数 a, b, c, d ┑䏣 a2 − b2 = c2 + d2, ab = cd, ਆа㓴↓ᮤ数解 (a, b, c, d) ֯ a ᴰሿ.

㤕ᆈ൘㍐数 p | (a, b), ࡉ p | cd, p | c2 + d2, Ӿ㘼 p | c, p | d, ↔ᰦ
(
a

p
,
b

p
,
c

p
,
d

p

)
ҏᱟ解,

a

p
< a, о a Ⲵᴰሿ

ᙗ⸋. ᡰԕ (a, b) = 1, ਼⨶ᴹ (c, d) = 1.
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䇮
a

c
=

d

b
=

m

n
, ↓ᮤ数 m,n ӂ㍐.

ᡁԜ䇮 a = km, b = kn, d = ml, b = nl, k, l ᱟ↓ᮤ数, m,n, k, l єєӂ㍐.

⭡Ҿ m2k2 − n2l2 = n2k2 +m2l2, ᗇ
m2 − n2

m2 + n2
=

l2

k2
, ⭡ (m,n) = 1 ⸕ (m2 − n2,m2 + n2) = 1 ᡆ 2.

(1) 㤕 (m2 − n2,m2 + n2) = 1, ⭡म㛑数ޜᔿ⸕˖2 - m, 2 | n, m = A2 +B2 = C2 −D2, n = 2AB = 2CD,

ࡉ AB = CD, ަѝ A,B,C,D ᱟ↓ᮤ数. a = km ≥ m = C2 −D2 ≥ C +D > C, ⸋.

(2) 㤕 (m2 − n2,m2 + n2) = 2, ࡉ m2 − n2 = 2l2, m2 + n2 = 2k2, 䘋㘼 k2 − l2 = n2, k2 + l2 = m2, ㊫լ

(1) ਟᗇ⸋.

ᕅ⨶ 3˖ ᯩ〻 2x2 − y4 = 1 ӵᴹањ↓ᮤ数解 (1, 1).

ᕅ⨶ 3 Ⲵ䇱᰾˖㤕 2x2 − y4 = 1, ࡉ
(
y2 + 1

2

)2

+

(
y2 − 1

2

)2

= x2.

㤕 y > 1, ,ᔿޜम㛑数⭡ࡉ
y2 + 1

2
= a2 − b2,

y2 − 1

2
= 2ab.

Ҿᱟ a2 − b2 =

(
y + 1

2

)2

+

(
y − 1

2

)2

, ab =
y + 1

2

y − 1

2
, ⭡ᕅ⨶ 2 ਟᗇ⸋. ᡰԕ y = 1, x = 1.

л䶒എࡠ题˖ ᡁԜ䇱᰾ x4 − 202y2 = 1 ൘ Z2
+ кᰐ解. 㤕↓ᮤ数 x, y ┑䏣 (x2 − 1)

(
x2 + 1

2

)
= 101y2.

(1) 㤕 x2 − 1 = a2, x2 + 1 = 202b2, x2 ≡ 0, 1 (mod 3), ᡰԕ b2 ≡ 2 (mod 3) ᡆ a2 ≡ 2 (mod 3), ⸋.

(2)㤕 x2−1 = 101a2, x2+1 = 2b2,ࡉ
(
x+ 1

2

)2

+

(
x− 1

2

)2

= b2,Ӿ㘼
{
x+ 1

2
,
x− 1

2

}
= {m2−n2, 2mn},

ަѝ, m,nаཷаڦфӂ㍐,Ҿᱟ |m2−n2−2mn| = 1. mn(m+n)(m−n) = 202
(a
4

)2
,⭡Ҿ m,n,m−n,m+n

єєӂ㍐, ᡰԕ m− n о m+ n ѻѝᗵᴹањᱟᆼޘᒣᯩ数.

(2.1) m+ n ᱟᆼޘᒣᯩ数˖

㤕 m2 − n2 − 2mn = 1, ࡉ 2m2 = (m+ n)2 + 1, ⭡ᕅ⨶ 3 ⸕, m+ n = 1, ⸋.

㤕 m2 − n2 − 2mn = −1, ࡉ (m+ n)2 − 2m2 = 1, ⭡ᕅ⨶ 1 ਟᗇ⸋.

(2.2) m− n ᱟᆼޘᒣᯩ数˖

㤕 m2 − n2 − 2mn = 1, ࡉ (m− n)2 − 2n2 = 1, оᕅ⨶ 1 ⸋.

㤕 m2 − n2 − 2mn = −1, ࡉ (m− n)2 + 1 = 2n2, ⭡ᕅ⨶ 3 ਟᗇ m− n = n = 1, о

mn(m+ n)(m− n) = 202
(a
4

)2
⸋.

䇱∅. ˄解题Ӫ˖嗊 പ˅
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2019 年清华大学数学秋令营试题解析

题 1.数ࡇ {an} ┑䏣 a0 = 5, an+1 = an +
1

an
ˈ≲ a1000 Ⲵॱ࠶ս઼Ⲯ࠶ս.

解˖䴰㾱䘉ṧⲴՠ䇑ᔿˈ⭘ሩ数࠭数Ⲵঅ䈳ᙗਟԕᗇࡠ

ln
n

m− 1
=

∫ n

m−1

1

t
dt >

n∑
i=m

1

i
>

∫ n+1

m

1

t
dt = ln

n+ 1

m
.

Ӿࡍ䙂᧘ᯩ〻ᔰˈᒣᯩਾᗇࡠ

a2n+1 = a2n + 2 +
1

a2n
. (1)

ഐ↔ an ≥ 25 + 2nˈԓޕ (1) ᗇࡠ

2 +
1

25 + 2n
≥ a2n+1 − a2n ≥ 2.

ഐ↔≲઼ᗇࡠ

an ≤ 25 + 2n+

n−1∑
i=0

1

25 + 2i
,

ᖃ n ≤ 1000 ᰦˈ
n−1∑
i=0

1

25 + 2i
≤ 1

2
ln

1011.5

11.5
< 2.5.

25 + 2n < a2n+1 < 27.5 + 2nˈሩ n ≤ 1000 ᡀ・. ޕԓ (1)ˈ≲઼ᗇࡠ

2025 +
999∑
i=0

1

27.5 + 2n
< a21000 < 2025 +

999∑
i=0

1

25 + 2n
,

ᐖㄟ㠣ቁᱟ 2025 +
1

2
ln

1013.75

13.75
> 2027ˈਣㄟнཊҾ 2027.5.

ഐѪ 45.022 = 2026.8004ˈ45.032 = 2027.7009ˈഐ↔ an Ⲵॱ࠶սᱟ 0ˈⲮ࠶սᱟ 2. ˄解题Ӫ˖㖇 ⛌˅

题 2.ᐢ⸕↓数䳶 Aˈ┑䏣 |A| = nˈ≲䇱˖ᆈ൘ B ⊂ A ф log2 n ≥ |B|ˈ┑䏣ሩ ∀ bi, bj ∈ Bˈ

bi + bj /∈ Aˈަѝ bj ̸= bi.

䇱᰾˖᤹䘉ṧⲴ䍚ᗳᯩ⌅䘹ᤙ B ѝݳ㍐˖Ӿᴰ大Ⲵݳ㍐ᔰᢛ᧿ˈ㜭ޕ࣐ B ѝн઼ᐢᴹ B ѝݳ㍐ߢケቡ

.䐣䗷䘉њ数ࡉˈ࣐

л䶒ՠ䇑䘉ṧ㜭ᗇࡠཊቁњ A ѝݳ㍐.

ሶ A ѝݳ㍐Ӿ大ࡠሿᧂࡇ a1 > a2 > · · · > an.

⭘࠭数 f(k) 㺘⽪ᢛ᧿䗷 ak ѻਾˈ䍚ᗳ⌅ࡠޕ࣐ B ѝⲴݳ㍐њ数ˈࡉ k− f(k) ᱟ⋑ᴹޕ࣐ B ѝⲴݳ㍐њ

数.

ᱮ❦ˈA ѝᴰ大єњݳ㍐ਟԕޕ࣐ B ѝˈf(1) = 1, f(2) = 2.

ᢛ᧿䗷 ak ԕਾн㜭ޕ࣐ B ѝⲴݳ㍐ aj , j ≤ k аᇊᱟ઼ᖃᰦᐢᴹⲴḀњ B ѝݳ㍐ ai, i < j ≲઼ㅹҾḀњ
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A ѝݳ㍐ am,m < i. 㘼 i,m ୟаߣᇊ jˈഐ↔䘉ṧⲴ aj њ数н䎵䗷ሩᓄ i,m ሩњ数ˈণ

∑
ai∈B,i<k

(i− 1) ≥ k − f(k),

ᮤ⨶ᗇࡠ˄ѝ䰤㾱㘳㲁 ak ᱟ൘ B ѝˈཊ߿Ҷањ 1˅

∑
ai∈B,i<k

i ≥ k − 1.

㤕⭘ t1 = 1, t2 = 2, . . . 㺘⽪ޕ࣐ B ѝⲴ ai Ⲵᤷḷ i Ӿሿࡠ大ᧂࡇⲴᒿࡇ. ሩ k = ti+1 ᓄ⭘кᔿਟԕᗇࡠ

t1 + t2 + · · ·+ ti ≥ ti+1 − 1.

н䳮ᖂ㓣ᗇࡠ ti ≤ 2iˈ㘼ᴰ㓸 t1 + t2 + · · ·+ t|B| ≥ n− 1ˈᡰԕ |B| ≥ log2 n. ˄解题Ӫ˖㖇 ⛌˅

题 3.㤕 a, b, c, n ∈ N+ˈ(a, b, c) = 1. 䇠 M(n) Ѫ ax+ by + cz = n Ⲵ䶎䍏ᮤ数解 (x, y, z) Ⲵ㓴数ˈ≲

lim
n→∞

M(n)

n2
.

解˖俆ݸ䇱᰾ ax+ by = m Ҿޣ (x, y) Ⲵ解数Ѫ

0 , (a, b) - m,

(a, b)m

ab
+O(1) , (a, b) | m.

.

(a, b) - m ᰦᱮ❦.

䇮 d = (a, b) | mˈ䇮 a = da1, b = db1, m = dm1ˈᡰԕᔿ ⇔ a1x+ b1y = m1.

൘ m > ab− a− b ᰦˈa1x+ b1y = m1 ᴹ⢩解 (x0, y0) ∈ N2ˈᡰԕަ䙊解Ѫ

x = x0 + kb1,

y = y0 − ka1.
.

令 x0 + kb1 ≥ 0, y0 − ka1 ≥ 0ˈᗇ −x0

b1
≤ k ≤ y0

a1
ˈণ

y0
a1

− m1

a1b1
≤ k ≤ y0

a1
.

䈕४䰤ᮤ数њ数Ѫ
m1

a1b1
+ c(m) њˈަѝ |c(m1)| ≤ 2ˈ⇿њ k ሩᓄањ解 (x, y)ˈᡰԕ解数Ѫ

m1

a1b1
+ c =

m(a, b)

ab
+O(1).

ަ⅑ˈ⭡Ҿ (c, (a, b)) = 1ˈᡰԕ

ax+ by = n− cz0 ᴹ解 (x, y)

⇔ cz0 ≡ n (mod (a, b))

⇔ z0 ≡ n · c−1 (mod (a, b)).

ਖཆˈ⭡Ҿ
(n− cz)(a, b)

ab
ᱟ㓯ᙗ࠭数˄ޣҾ z˅̍ ᡰԕ

∑
0≤z≤n

c

(n− cz)(a, b)

ab
=

1

(a, b)

∑
0≤z≤n

c

(n− cz)(a, b)

ab
+

∑
0≤z≤n

c

O(1)
(a, b)

ab

=
1

(a, b)

∑
0≤z≤n

c

(n− cz)(a, b)

ab
+ o(n2).
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ᯩ〻

∑
cz≡n (mod (a,b))

0≤z≤n
c

(
(n− cz)(a, b)

ab
+O(1)

)
=

 ∑
0≤z≤n

c

(n− cz)(a, b)

ab

 · 1

(a, b)
+ o(n2) + n ·O(1)

=
∑

0≤z≤n
c

(n− cz)

ab
=
∑

0≤t≤n
c|t

n− t

ab
=

 ∑
0≤t≤n

n− t

ab

 1

c
+ o(n2)

=
∑

0≤t≤n

n− t

abc
=

∑
0≤t≤n

t

abc
=

1

2abc
· n2 + o(n2).

˄解题Ӫ˖ညঊ᮷˅

题 4.൘ᒣ䶒ⴤ䀂ḷ㌫ѝᴹаὝശⴈˈަ䜘Ⲵᮤ⛩数Ѫ LˈὝശ䶒〟Ѫ Sˈઘ䮯Ѫ Pˈ≲䇱˖

L ≤ P

2
+ S + 1.

䇱᰾˖䇮Ὕശ䜘ᮤ⛩䳶Ѫ Aˈਆ A Ⲵࠨव K Ѫᮤ⛩ࠨཊ䗩ᖒ.

䳶ࠨ K वਜ਼ҾὝശˈഐ↔ K Ⲵ䶒〟 S(K) ઼ઘ䮯 P (K) ሿҾ࡛࠶ S ઼ P .

䇮 K Ⲵ䜘઼䗩⭼к࡛࠶ᴹ L1, L2 њ⛩.

ṩᦞ३ݻᇊ⨶ˈS(K) = L1+
L2

2
−1.㘼൘K Ⲵઘ䮯кˈԫօєњᮤ⛩䐍㠣ቁᱟ 1ˈഐ↔ L2 ≤ P (K) ≤ P .

৸ᴹ L = L1 + L2ˈഐ↔

L = L1 + L2 = S(K) + 1 +
L2

2
≤ S + 1 +

P

2
.

˄解题Ӫ˖㖇 ⛌˅

题 5. A1A2A3A4 ᱟശ᧕ഋ䗩ᖒˈAiAi+1 = ai (A5 = A1)ˈശᗳ O ࡠ AiAi+1 䐍䇠Ѫ hi. ≲䇱˖

R2

(
4∑

i=1

a2i

)
< 2a1a2a3a4

 ∑
1≤i<j≤4

hihj

aiaj

ˈަѝ R Ѫॺᖴ.

䇱᰾˖䇮 J1, J2, J3, J4 Ѫ࡛࠶ a1, a2, a3, a4 ᡰሩⲴശઘ䀂ˈࡉ
4∑

i=1

Ji = πˈai = 2R sin Ji, hi = cos Ji.

ⴞḷнㅹᔿㅹԧҾ
4∑

i=1

sin2 Ji < 2
∑

1≤i<k≤4

sin Ji sin Jk cos Jm cos Jn,

ަѝ m,n ᱟ {1, 2, 3, 4} ѝ৫ᦹ i, k .лⲴєњᤷḷ࢙

࡙⭘

sinA cosB sinC cosD + sinA cosB cosC sinD = sinA cosB sin(C +D)

৺ sinA cosB + cosA sinB = sin(A+B)ˈ䘈ᴹഋњ Ji ѻ઼Ѫ πˈᗇࡠⴞḷнㅹᔿㅹԧҾ

4∑
i=1

sin2 Ji < sin2(J1 + J2) + sin2(J1 + J3) + sin2(J1 + J4).
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н࿘䇮 J1 ᴰ大ˈ㘳㲁࠭数

f(x) = sin2(J1 + x)− sin2 x =
1

2
(cos 2x− cos(2J1 + 2x)) = sinJ1 sin(J1 + 2x).

йњ䀂ᓖ J1 + 2J2, J1 + 2J3, J1 + 2J4 ѻ઼Ѫ 2π + J1ˈഐ↔࡛࠶ሩᓄҾശкⲴйњᕖ䮯Ⲵаॺˈ䘉йњᕖ

䮯оањ䮯ᓖѪ 2 sin J1 Ⲵᕖਟᶴᡀањሱ䰝Ⲵഋ䗩ᖒˈഐ↔

sin(J1 + 2J2) + sin(J1 + 2J3) + sin(J1 + 2J4) > sin J1.

ᗇ䇱. ˄解题Ӫ˖㖇 ⛌˅

题 6.䇮 p Ѫཷ㍐数ˈ≲䇱˖

p−1∑
i=1

ip−1 ≡ (p− 1)! + p (mod p2).

䇱⌅а˖ 㘳㲁

f(x) =: (x− 1)(x− 2) · · · [x− (p− 1)] + 1− xp−1 = ap−2x
p−2 + · · ·+ a1x+ (p− 1)! + 1.

ҾᱟᡁԜਚ㾱䇱᰾

p−1∑
x=0

f(x) ≡ 0 (mod p2) ণਟ.

⌘ࡠ, deg f = p− 2, ն൘⁑ p ѹл, 1, 2, · · · , p− 1 䘉 p− 1 њ数ᱟ f Ⲵṩ.

ṩᦞ数䇪Ⲵ Lagrange ᇊ⨶⸕˖f Ⲵ⇿а亩㌫数䜭ᱟ p Ⲵؽ数.

p−1∑
x=0

g(x) =

p−1∑
x=0

p−2∑
i=1

aix
i =

p−2∑
i=1

(
ai

p−1∑
x=0

xi

)
.

⭡Ҿ ai 䜭ᱟ p Ⲵؽ数, ԕ৺

p−1∑
x=1

xi =

p−1∑
j=1

(gj)i =
gi(gi(p−1) − 1)

gi − 1
=

0, 㤕 p− 1 - i

−1, 㤕 p− 1 | i
,

ަѝ, g ᱟ⁑ p Ⲵṩ. ≲઼кḷ 1 ≤ i ≤ p− 2, ᡰԕ
p−1∑
x=0

g(x) ≡ 0 (mod p2), ҾᱟᡁԜᗇࡠ

p−1∑
x=0

f(x) ≡ p[(p− 1)! + 1] ≡ 0 (mod p2).

䇱∅. ˄解题Ӫ˖ᆷษ˅

.⭘ᴹ࠶ҾṩⲴ䛓њ㔃䇪൘༴⨶䘉ཊ亩ᔿ≲઼ᰦॱޣ˖⌘ ᡁⲴ⇽ṑই京ᐸ㤳大学数、䲒Ⲵ㓚᱕㘱ᐸ

㔉৫年 3 ᴸṩⓀᶟᨀⲴㅜഋ题ҏ⭘ࡠҶ䘉њ㔃䇪. аᰖࠪ⧠䘉ṧⲴཊ亩ᔿ≲઼, 䈕㔃᷌ᖸᴹ⭘, ᴹޤ䏓䈫㘵ਟ

ԕⴻⴻ 2012 年 IMO Shortlists N8.

䇱⌅Ҽ˖ṩᦞ䍩傜ሿᇊ⨶ˈਟԕᮤࡠ数 x1, ..., xp−1 ֯ᗇ jp−1 = 1 + pxj ሩ 1 ≤ j < p ᡀ・.

ሶ䘉Ӌᔿᆀڊ䘎҈ˈኅᔰᒦ⁑ p2 䇑㇇ˈਟᗇ

(p− 1)!p−1 ≡ (1 + px1)(1 + px2)...(1 + pxp−1) ≡ 1 + p(x1 + ...+ xp−1) (mod p2).
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ަ⅑ˈေቄ䘺ᇊ⨶㔉ࠪ (p− 1)! = kp− 1 ˈk ᱟᮤ数ˈࡉ

(p− 1)!p−1 = (−1 + kp)p−1 ≡ (−1)p−1 + (−1)p−2(p− 1)pk ≡ 1 + pk (mod p2).

ഐ↔

1p−1 + 2p−1 + ...+ (p− 1)p−1 = p− 1 + p(x1 + ...+ xp−1)

≡ p− 1 + kp ≡ p+ (p− 1)! (mod p2).

˄解题Ӫ˖㖇 ⛌˅

题 7.ሩ n ≥ 4ˈ䇮 P ᱟശ᧕ n 䗩ᖒˈ⭘ (n− 3) ᶑሩ䀂㓯ሶ P 䶒〟ⲴޡޜѪ⋑ᴹ࠶ (n− 2) њй䀂ᖒˈ

L ᱟ䘉Ӌй䀂ᖒⲴ࠷ശॺᖴѻ઼. ≲䇱˖L н䲿ሩ䀂㓯Ⲵᯩࢢ࠶ᔿ㘼᭩ਈ.

䇱᰾˖ᡁԜݸ䇱ભ题ሩശ᧕ഋ䗩ᖒᡀ・.

н࿘䇮ശⲴॺᖴѪ Rˈഋ䗩ᖒⲴഋᶑ䗩ᡰሩശઘ䀂Ѫ A,B,C,D. ᔿˈަѝаⲴєњйᯩ࠶ࢆᴹєࡉ

䀂ᖒⲴй䗩䮯࡛࠶Ѫ 2R sinA, 2R sinB, 2R sin(A+B); 2R sinC, 2R sinD, 2R sin(C +D).

᧕ശॺᖴˈѪ䲔ԕઘ䮯ˈഐ↔ަѝањй䀂ᖒؽ᧕ശॺᖴѪй䀂ᖒ䶒〟є 2R ҈ԕ

sinA sinB sin(A+B)

sinA+ sinB + sin(A+B)
=

1
2 (cos(A−B)− cos(A+B)) sin(A+B)

2 sin(A+B
2 ) cos(A−B

2 ) + 2 sin(A+B
2 ) cos(A+B

2 )

=
(cos2(A−B

2 )− cos2(A+B
2 ))2 cos(A+B

2 )

2 cos(A−B
2 ) + 2 cos(A+B

2 )

= cos(
A−B

2
) cos(

A+B

2
)− cos2(

A+B

2
)

=
1

2
(cosA+ cosB)− 1 + cos(A+B)

2
.

࡙⭘

A+B + C +D = π, cos(A+B) + cos(C +D) = 0,

ഐ↔࠶ࢆᖒᡀⲴєњй䀂ᖒⲴ࠷ശॺᖴѻ઼Ѫ
1

2
(cosA+ cosB + cosC + cosD − 1)ˈо࠶ࢆᰐޣ.

ሩҾа㡜Ⲵᛵᖒˈਟԕ⇿⅑䘹ᤙ࠶ࢆѝєњᴹޡޜ䗩Ⲵй䀂ᖒˈሶ䘉єњй䀂ᖒਸᒦᡀⲴഋ䗩ᖒˈ⭘ਖа

ᯩᔿ࠶ࢆˈ䘉ṧᖒᡀањˈӾањ࠶ࢆਈᡀਖањ࠶ࢆ.

ṩᦞࡽ䶒㔃᷌ˈࡽਾⲴ࠶ࢆⲴᡰᴹй䀂ᖒ࠷ശॺᖴѻ઼нਈ. ԫօєњ࠶ࢆਟԕ䙊䗷ཊ⅑䘉

䖜ᦒˈഐ↔ᡰᴹ࠶ࢆᖒᡀⲴй䀂ᖒ࠷ശॺᖴѻ઼䜭਼.

һᇎкˈਟԕ⭘к䶒Ⲵ࠶ࢆˈሶԫօ࠶ࢆਈᡀ䘉ṧⲴ࠶ࢆ˖

ᡰᴹࡠ⭘࠶ࢆⲴሩ䀂㓯Ӿ亦⛩ 1 ࠪਁ. 䇮ᴹ࠶ࢆˈӾ亦⛩ 1 ࠪਁⲴሩ䀂㓯⋑ᴹޘ䜘⭘ࡠˈֻྲ 1, j ⋑ᴹ⭘

նˈࡠ 1, j − 1 䇮ˈࡠ⭘ k > j ᱟᴰሿⲴ kˈ֯ᗇ 1, k .ࡠ⭘ ѝᴹй䀂ᖒ࠶ࢆࡉ 1, j − 1, kˈ䇮 j − 1, l, k ᱟ࠶ࢆ

ѝо䘉њй䀂ᖒ䛫Ⲵй䀂ᖒˈަѝ j − 1 < l < k. ѝ䗩࠶ࢆ䶒ሶࡽࡉ j − 1, k ৫ᦹˈᦒᡀ䗩 1, l. ഐ↔

ҶаᶑӾ࣐ 1 ࠪਁⲴ䗩. ᖂ㓣ਟᗇˈᡰᴹ࠶ࢆਈᡀ਼ањࡠ⭘ˈ࠶ࢆⲴሩ䀂㓯䜭ᱟӾ 1 ࠪਁ.

䇱∅. ˄解题Ӫ˖㖇 ⛌˅
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题 8.䇮 A ⊂ {1, 2, . . . , n}ˈ┑䏣 |A| ≥ 4
√
n. ≲䇱˖ᆈ൘ x1 < x2 < x3 < x4 ᡀㅹᐞ数ࡇˈф xi Ѫ A ѝє

数ѻ઼˄i = 1, 2, 3, 4˅.

䇱᰾˖ᱮ❦ n ≥ 16 ᰦˈՊᴹᓄ A ᆈ൘.

ԫਆ B ⊂ Aˈ|B| = 2[
√
n]ˈ令 C = A−B Ѫ B ൘ A ѝⲴ㺕䳶. 㘳㲁䳶ਸ B × Cˈ৺ B × C кⲴ࠭数

f(b, c) = b+ 2c, b ∈ B, c ∈ C.

|B × C| > 2[
√
n] · (4

√
n− 2[

√
n]) > 3nˈᴰਾⲴнㅹᔿਚ䴰 2[

√
n] >

√
n ণਟˈሩ n ≥ 16 ᙫᡀ・.

f Ⲵਆ٬㤳തवਜ਼Ҿ {3, 4, . . . , 3n− 1}ˈ㠣ཊ 3n− 3 њਟ㜭٬.

ṩᦞᣭቹࡉˈᆈ൘н਼数ሩ (b, c), (d, e) ∈ B ×Cˈ֯ᗇ b+ 2c = d+ 2eˈᱮ❦ b ̸= d˄ࡉ c = e ⸋˅̍

ṩᦞ B,C ਆ⌅ˈb ̸= c, b ̸= e, d ̸= c, d ̸= e. н࿘䇮 b > dˈࡉ e > cˈb− d = 2(e− c).

ਟԕⴻࠪ d+ c < d+ e < b+ c < b+ e ᶴᡀㅹᐞ数ࡇˈ┑䏣题ⴞᶑԦ. ˄解题Ӫ˖ᆷษ˅
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有没有人和你说过一句话，你学数学、数学竞赛的样子真的好帅，

没有？那现在，就在前一秒，我对你说了。

—来自最爱你的小数君

傻子俱乐部等着你来！（微信公众号，数学竞赛的那些事儿，VKX[XHMLQJVDL���）
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